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Mathematical Analysis

Leibniz's Notation

Who is Leibniz

Gottfried Wilhelm Leibniz (1646 - 1716) was a 17th century German mathematician. He’s often
credited with developing many of the main principles of differential and integral calculus, and is
primarily recognized for what we now call Leibniz’'s notation.

Leibniz's Notation System

The derivative of a function based on today’s standard is given by:

X

Leibniz's notation expresses the derivative as:

X

where goes



toward 0.

Fractional Behavior

Let’s review some examples where Leibniz’s notation is often utilized. The Chain Rule using
Lagrange Notation states:

We can translate the above Chain Rule into Leibniz's Notation as:

In the above equations, we can see how Leibniz’s Notation behaves similarly to a fraction, although
it must be emphasized that the derivative is not a fraction.

Try It on a Function

Let us try

Click to Expand/Collapse

Expand the function:

Simplify fraction:

So the derivative of
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44 Owen's T[] Owen's Q [I11 1[I

e Owen's T[] Owen 1956[]TIT] [T1 [TTTTTI

e Owen's Q[] Owen 1965[IITIIIIIT] (11D t —10
TOST [II11] "I $-1$ [I111T] t I
Owen [ITITIT11T A Special Case of a Bivariate Non-Central t-
Distribution[T]
(I 0 TOST I11[J

$$ 1-\beta ;=; F_\nul\left(-t_{1-\alpha\nu};\delta_2\right) - F_\nu\left(t_{1-
\alpha,\nu};\delta_1\right) - \big[Q\text{-IT]  }\big], $$

(I $F \nu(\cdot;\delta)$ [111J t[] CDFIIIIL $Q_\nu$ I111T $0%
(I Owen's Q [I11T] $R>0$% [TI111] (0 [T !
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2.1 7?7?7177

(M O tIr0 "I "0 I (TIIIT t (110
(1110 {110 $\delta\neq 0%

M [M $2\sim N(0,1)$[0 $V\sim\chi~2 \nu$ [T11]
$$ T ;=; \frac{Z+\delta}{\sqrt{VAnu}} ;\sim; t \nu(\delta), $$

$\delta\in\mathbb R$ [] [TT11L] noncentrality parameter, NCP[] [] $\nu$ 1111
$\delta=0$ 1111 t 11

CDF [I11[ 10 Owen's Q [TIIIT1T $W=\sqrt{VAnu}$[T]

$$ F_\nu(t;\delta)=\Pr(T\le t)=\int_0"™\infty \Phi(t w-\delta),f_W(w),dw, \qgquad
f W(w)=\frac{2(\nu/2)"~ {\nu/2} } {\Gamma(\nu/2)},w”™ {\nu-1}e” {-\nu w"~2/2} \quad w>0. $$

(T $W=ws$[I[1 $T$ I110 $N(\delta/w,,1/w~2)$ 111  $\Pr(T\le t\mid
w)=\Phi(tw-\delta)$[1T1  $w$ OITIIITIIIT

00 $\nu>1$0 $\nu>2$ Q11111

$$ \mathbb E[T]=\delta\sqrt{\frac{\nu} {2} } \frac{\Gamma!\big(\frac{\nu-
1} {2}\big)} {\Gammal\big(\frac{\nu}{2}\big)}, \qquad \operatorname{Var}(T)=\frac{\nu} {\nu-
2}(1+\delta™2)-\big(\mathbb E[TI\big)™~2. $$

M $\mathbb E[T]\approx\deltas$[T] $\nu$ IITITIIIIIT] NCP $\delta$ [TTTIT] "
(T al
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M OO0 "0 $X,Y$ [ [0 !

OO T AT Owen's T[II1] "I al

(11 [ Owen 1956[T]



$$ T(h,a)=\frac{1}{2\piNint_0~{a}\frac{\exp!\big[-\tfrac{h™2}{2}(1+x"2)\big]}{1+x"2},dx,
\gquad -\infty<h<\infty,\ -\infty<a<\infty. $$

[LIT] 0

$$ T(h,0)=0,\gquad T(0,a)=\frac{1}{2\pi}\arctan a,\qquad T(-h,a)=T(h,a),\qquad T(h,-a)=-
T(h,a),\qquad T(h\infty)=\tfrac12,\Phi(-|h|). $$

[LITIITTI (LI $\rho$ [TTIITIT]

$$ \Pr(X\le h,)\ Y\le k)=\Phi(h)\Phi(k)+\frac{1}{2\pi}\int_ 0~ {\rho}\frac{1} {\sqrt{1-r~2}}\exp!\left[-
\frac{h™2-2rhk+k”~2}{2(1-r~2)}\rightldr, $$

Owen (1956) [TTITT1T] T [I1

$$ \Pr(X\le h,Y\le k)=\tfrac12\Phi(h)+\tfrac12\Phi(k)-TN\left(h\frac{k-\rho h} {h\sqrt{1-
\rho”~2} Hright)-Thleft(k \frac{h-\rho k} {k\sqrt{1-\rho”~2} }right)-c, \qquad
c=\begin{cases}0,&hk\geO\ \tfrac1l2,&hk<0.\end{cases} $$

0 $h$ 0 $k=0$ [T
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M M 2.20 "0 "M "o I [TITT1T [T
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[0 [0 Owen 196510 "I A"(ITIII $txANUST]

$$ Q_\nu(t,\delta;0,R)=\frac{\sqrt{2\pi} } {\Gamma!\big(\tfrac\nu2\big),2” { (\nu-
2)/2} Y\int R~ {\infty }\Phil\left(\frac{t x} {\nu}-\delta\right)x”™ {\nu-1}\phi(x),dx, \qquad
\phi(x)=\frac{e™ {-x~2/2} }{\sqrt{2\pi}}. $$

(IO $txN\sqri\nu$[TTTITITT $x\mapsto x\sqrt\nu$
(I

111 110 $x=w\sqrt\nu$ [I1 $Q_\nu$ [ 2.1 [10J t CDF [T11]
$$ F \nu(t;\delta)=Q \nu\big(t\sqrt\nu,\ \delta;\ 0,\ O\big). $$

(ITIT] (0 t0 CDF[I] Owen's Q [IIIIIT] $R=0$% [T 1 $R>0% 1]
$Q_\nus$ (II "0  "0O0  TOST OIIIIITITT
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$$ \mu=\In\left(\frac{\text{test} } {\text{reference} }\right)=\In(\text{[I1TJ] 1), $%
[11T] $[\theta_1,\theta 2]$ [0 log 1T $[\In 0.80,\\In 1.25]=[-0.2231,\ 0.2231]%[]

111 TOST, Schuirmann 1987(] (1 "M "I

$$ H {01}:\ \mu\le\theta_1 \quad \text{vs.}\quad H_{11}:\\mu>\theta_1, \qquad H_{02}:\
\mu\ge\theta 2 \quad \text{vs.}\quad H_{12}:\ \mu<\theta 2. $$

(I $\alpha$ 11T M Westlake / Schuirmann
(T

$$ (1-2\alpha)\times100%\ \text{[I1]] H\ \subseteq\ [\theta 1,\theta 2] \iff \text{[TTT] }. $%

@11 BE[] 90% 111 0 $\alpha=0.05%$ ] TOSTIIIIIIT 95%(]

[LITTIT] 110 O TOST "I "I $\alphas[]

(11T (TTI1] $\mus$[1] $(\theta 1,\theta 2)$ (1111  TOST I

$$ 1-\beta=\Prl\big(T_1>t {1-\alpha\nu}\\text{ }\ T_2<-t _{1-\alpha,\nu}\big). $$

(TIIT0 (110 [T 0 $2\times2$ [TIIIII0 $[-
\theta,\thetal$[TTIIT] $\mus[

$$ 1-\beta ;\approx; \Phil\left(\frac{\sqrt{N},(\theta-|\mu])} {\sigma_w\sqrt2}-t_{1-\alpha,N-
2}\right), $$

[LITITTITITTI

$$ N ;\approx; \frac{2,\sigma_w~"2,(z_{1-\alpha}+z_{1-\beta})"2}{(\theta-\mu|)~2}. $$

(LITIT1] (IITIITT] [0 I 11 11 TOST
(IITTITITTITI (1111 (LIITTITTIT] N=12 [IT11] 64% (1117
83%[IITITTITITITTIT (1111 ——Owen's Q[]
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e [ITI1] $NS$[ITT $n=N/2$[IIT111T]

e [TTITT] $\mus[] 11T $\sigma_wsS$TITTI1T] CV 11
$\sigma_w=\sqrt{\In(1+\text{CV}"~2)}$1]

e [T111 $\hat\mu=\bar X_T-\bar X_R$TTTTTITIITITIIIIIT

$$ \operatorname{Var}(\hat\mu)=\sigma_w~2\cdot\frac{2} {N}, \qquad \hat\sigma_w"2:\
\frac{\nu\hat\sigma_ w2} {\sigma_w”"2}\sim\chi”~2 \nu,\ \\nu=N-2. $$

a4 [TT1111] (IIITIT] $2\times2$ [T
$\mathrm{SE}=\sigma_w\sqrt{2/N}$0 $N$ 0 (1] [0
$\sigma_w\sqrt{2/n}s$ $n$ I $\sigma_ws$ 111 "
(IIITTIT] * [T $\sqrt2$——
T
$\mathrm{SE}=\sigma_w\sqrt{2/N}$[]

(LTI

$$ T_1=\frac{\hat\mu-\theta_1} {\hat\sigma_w\sqrt{2/N}} \qquad T_2=\frac{\hat\mu-
\theta_2}{\hat\sigma_w\sqrt{2/N}}. $$

OO0 M $Z=\dfrac{\hat\mu-\mu}{\sigma_w\sqrt{2/N} }\sim N(0,1)$[ $W=\sqrt{V/Anu}$[]
$VAsim\chi~2 \nu$[1T]

$$ T_1=\frac{Z+\delta_1}{W} \quad T_2=\frac{Z+\delta 2} {W}, \qquad \delta_1=\frac{\mu-
\theta_1}{\sigma_w\sqrt{2/N}}\quad \delta_2=\frac{\mu-\theta 2} {\sigma_w\sqrt{2/N}}. $$

[TITTT [IT11T] $Z$ (111 $Ws——(111 [0 $-1$ [TITIT] I Owen
(1965) ITIT1

3.2 P?70?0707?0707?0°07°707°77

TOST 111  $\alpha$ 11110

$$ T 1>t {1-\alpha\nu}\\ \text{( N\ \ T _2<-t {1-\alpha\nu} \iff t {\alpha}W-\delta 1 <Z < -
t {\alpha}W-\delta 2, \qquad t \alpha:=t_{1-\alpha\nu}. $$

[T $Z$ 11 M OO

$$ t \alpha W-\delta_1 < -t \alpha W-\delta_2 \iff W < w™*:=\frac{\delta_1-\delta 2} {2t \alpha}
=\frac{\theta 2-\theta 1}{2,t \alpha,\sigma_w\sqrt{2/N}}. $$

00 $Ws [T [LITIITIN a



$$ 1-\beta=\int_ 0"~ {w”~*}\Big[\Phi\big(-t \alpha w-\delta_2\big)-\Phi\big(t \alpha w-
\delta_1\big)\Big],f W(w),dw $$

M $f W(w)=\dfrac{2(\nu/2) " {\nu/2}} {\Gamma(\nu/2)}w”™ {\nu-1}e”~{-\nu w™2/2}$[]
111 0 $\mu=0%$[1] $\pm\thetas$[T] $\delta_l=\delta=-\delta 2$[TTIT]

$$ 1-\beta=\int_ 0" {\theta/(t \alpha\sigma_w\sqrt{2/N})}\big[2\Phi(\delta-t \alpha w)-
1\big],f W(w),dw, $$

M $2\Phi(x)-1$ [0 "0I0 $l-x,x1$"00 ——OI0 (ILTITITT]

M $\int 0~ {w~™}=lint 0~ {\infty}-\int_{w”}~{\infty }$[110] 2.3 $Q_\nu$ [0 $F_\nu$
(1

$$ 1-\beta=F \nu(-t \alpha;\delta_2)-F \nu(t_\alpha;\delta_1)-Q_\nu!\big(-
t \alpha\sqrt\nu,\delta_2;0,R\big)+Q _\nu\big(t \alpha\sqrt\nu,\delta_1;0,R\big) $$

[

$$ R=w*\sgrt\nu=\frac{\sqrt\nu,(\theta_2-\theta 1)} {2,t \alpha\sigma_w\sqrt{2/N}}. $$

(10 0

1. $F_\nu(-t \alpha;\delta_2)-F_\nu(t \alpha;\delta_1)$[ITIIT] tCOFM ——0'M $W$
0D "ML $Q \nu(\cdot;\cdot;0,0)$ (TTT1TJ

2. $-Q \nu(-t \alpha\sqgrt\nu,\delta_2;0,R)+Q \nu(t \alpha\sqgrt\nu,\delta_1;0,R)$[] $R>0%$ [T]
01 0

(LTI ITITIOTT iy t CDF (1] [T
(L1111 (LTI IOTT

a4 (1111 Diletti et al. (1991) [J Phillips (1990) ] BE 1110 Owen-Q
(T

1. 0 2.5 I $N_0$(]

2. 00 $NS$ [TIIII0 3.20 3.3[00

3. M0 $<1-\beta$ [T11  $NSOTIIIITITIT

4.0  $NS$IIIIIIIIIIIIL 10-20% [I1T]




M 0O $2\times2$ [I1111 $\mathrm{CV}=20%3%$[ $\sigma_w=\sqrt{\In 1.04}=0.19804$%
(1T $1.0$0 $\mu=0$[T1TT] $0.80%$-$1.25%0] $\alpha=0.05$[111T] $80%30

0 $N=16$ I $\nu=14$[] $t {0.95,14}=1.7613%[]
$\mathrm{SE}=0.19804\sqrt{2/16}=0.07002$[] $\delta_1=0.22314/0.07002=3.1869%[]
$\delta_2=-3.1869$[TTIIIIIIT] $=0.8332\ge 0.8$[]] $N=14$[1] $0.7549%[IT]
$N=16%[]

[0 vs [ [LITTIT]

$N$ 10 Owen Q[] (T "I tCDF ] "
m
12 0.6445 0.8283 0.6432
14 0.7549 0.8847 0.7548
16 0.8332 0.9230 0.8332
20 0.9249 0.9663 0.9249
10 (T $N=12¢$ [ 83% [II11  6A4%[ITIITIITIII
(11 0 "I t CDF [ [T [LITITIT] —

11 Owen's Q [TIT]

(LITITTIIT] 0
o i 0 $Ns
CV=20%I0 =1.0 80% 16
CV=20%[0 =0.950 $\mu=- 80% 19
0.05133[]
CV=20%0 =0.95 90% 25
CV=30%I0 =1.0 80% 32

a4 1111 (11T /111 allll  vs [ b $\sigma_w$ [ITIT] €
0 80% vs 90% [T1T] AT $\sqrt2$
(TITITIT] $\mathrm{SE}=\sigma_w\sqrt{2/N}$ 111 Owen-Q [1T]
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4.1 Owen's T 77?7

e [IT1111 (ITIT] $[0,al$ TITITIIT] $as$ 1111 $T(h\infty)=\tfrac12\Phi(-
[hD)$ OO
e 11 /IO Patefield & Tandy 2000[] [[] $T(h,a)$
T 14-15 [T11T]
o 11T 0 Young & Minder (1974) ] AS 76[II] Boys (1989)[ AS RS8O0 [IIIT]
e [T1T1 (M1 CDF [II1 Genz 2004111 $T$0
4.2 ?7?7?t CDF ?7?
e 11 /00T beta[] Cooper (1968) AS 5[1T1111] Lenth (1989) AS 243
M0 beta [TIT111] RO pt(q, df, ncp) I
e [T111 0 Benton & Krishnamoorthy (2003) [T1T] t IO I
$\nus[] $|\delta|$ [T
e [IT1111 T
o [ITITTIT] 0 Gilg Segura] Temme T
4.3 Owen's Q ? TOST ??7?7?7?7?7
e $R=0$ 1] [TIITIT] t CDF(]
e $R>0$ 1] [

$Q \nu(t,\delta;0,R)=\int_{RAsqrt\nu} "~ {\infty }\Phi\big(\tfrac{tw} {\sqrt\nu}-
\delta\big)f W(w),dwS$ITITTIT]

eIl [M 3.3[ TOST MO $F_\nu$ [IT11T] $Q_\nu$
(LT ITTTITTIT]

e (1110 0 RO owenq[] Stéphane Laurent[]] Rcpp Dl $Q \nu$ 1101 t
(ITITIT]

1. 111 [0 $2\Phi(x)-1$ 1 $x$ [IITIIIIIII1] $\operatorname{erfc}$
(IITTI1]

2. 100 tI0 0O $|\delta|$ IITITT] /111

3. 11T 0 $w”{\nu-1}e” {-\nu w*2/2}$ [TITTTIT]

N

- [0 0 $\deltal$ 0 $\nu$ [TTITITITIT]
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1110 ——[1] Fortran[II] Applied Statistics [TT1T] C/C++ 111111 R
(IIITIIT]
0 /@ m 1 (1111
AS 5 (Cooper 1968) Fortran 11 tCDF statlib /apstat/5
AS 76 (Young & Minder Fortran Owen's T statlib /apstat/76
1974)
AS R80 (Boys 1989) Fortran AS 76 [T] statlib /apstat/R80
AS 243 (Lenth 1989) Fortran 11 tCDF statlib /apstat/243
DCDFLIB (Brown, Lovato, C + Fortran cdftnc (1111 tM] cdft statlib [TT1T]
Russell) [0 cdffnc []
Boost.Math C++ owens_t [] non central t[] boost.org[TTT1T]
bivariate normal
GSL C OO0 t0 gsl cdf tdist[] 0o tOIImo
R stats::pt(q, df, ncp) C1 AS 243[] I t CDF R 11
R PowerTOST (Labes & R/C power.TOST [] sampleN.TOST CRAN
Schutz) 0 Owen Q [I11TI
R oOwenQ (Laurent) R/Rcpp OwenQ1/Q2/Q3 [T111 t CRAN / GitHub
R sn (Azzalini)[] mnormt R T.Owen [] pst [] sadmvn ] CRAN
biv.nt.prob
SciPy scipy.stats.nct C/Python I t SciPy
M 0O
e Fortran []T] 0 AS 1117 ‘00 "I DCDFLIB 1117
0 Fortran [TITTTTIIT] t

e [[] C++[]] Boost.Math[] owens t(h, a) [II]
bivariate normal [ITT1T1]
"M R[] PowerTOST [TTTIT]

CDF/PDF/IIT]
« BE(TT] "I
199 1[TTTITIIIITI
M /M0 O
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1. Owen's T/Q [] "M

(T t [IT1111
OO

2. [1I1 M1 tJ CDF 110
(T $0$ M $Rs$III

owenQ [T $Q_\nu$ [ITTITITTI

/M "I

Owen's T[] non_central t [II11]

(TTTTT1
[ TOST

$F \nu(t;\delta)=Q \nu(t\sqrt\nu,\delta;0,0)$[] TOST [[1 = 1110

——{IID

tCOFM 0O [M

C

tQ

Owen's Q[] Phillips 1990 / Diletti

$\int_0™\infty\Phi(tw-\delta)f_W(w)dw$[] Owen's Q



$Q_\nu$ [TIITITIIIIIIT] $0$ 0 Ssw™*s [TI111

3. IO [TTTTTIT] (IO 0 $N=12$ 111 83%vs[l] 64%
(T [T tCDF [ "
IRNRNNRNRNNRNRNNRNRNNRNENEE [T 0

4. [TIIII110O [] Fortran [J AS 5/76/243[] DCDFLIB[] C++ [] Boost.Math[] R[]
pt(..., ncp) [J PowerTOST [] OwenQ[] sn/mnormt [] Patefield-Tandy (2000) [J Lenth (1989)
10 Owen's T [I11J t IO Gil-Segura-Temme
(I

5. QIIIITIIIIIIO 0 $2\times2$ [TI1  $\mathrm{SE}=\sigma_w\sqrt{2/N}$[
$\nu=N-23$[1]

$$ 1-\beta=\int_ 0~ {w~™ }\Big[\Phi\big(-t \alpha w-\delta 2\big)-\Phi\big(t_\alpha w-
\delta_1\big)\Big]\frac{2(\nu/2)"~ {\nu/2}} {\Gamma(\nu/2)}w”™ {\nu-1}e” {-\nu w™~2/2},dw, \qquad
w” =\frac{\theta_2-\theta_1}{2,t \alpha,\sigma_w\sqrt{2/N}}. $$

T AT

(L1110

e Owen, D. B. (1956). Tables for computing bivariate normal probabilities. Ann. Math.
Statist. 27, 1075-1090.

e Owen, D. B. (1965). A special case of a bivariate non-central t-distribution. Biometrika 52,
437-446.

e Owen, D. B. (1968). A survey of properties and applications of the non-central t-
distribution. Technometrics 10, 445-478.

e Schuirmann, D. J. (1987). A comparison of the two one-sided tests procedure and the
power approach for assessing the equivalence of average bioavailability. J.
Pharmacokinet. Biopharm. 15, 657-680.

e Phillips, K. F. (1990). Power of the two one-sided tests procedure in bioequivalence. J.
Pharmacokinet. Biopharm. 18, 137-144.

e Diletti, E., Hauschke, D., & Steinijans, V. W. (1991). Sample size determination for
bioequivalence assessment by means of confidence intervals. Int. J. Clin. Pharmacol. Ther.
Toxicol. 29, 1-8.

e Patefield, M., & Tandy, D. (2000). Fast and accurate computation of Owen's T function. J.
Stat. Softw. 5(5), 1-25.

e Young, J. C., & Minder, C. E. (1974). Algorithm AS 76. Appl. Statist. 23, 455-457; Boys, R. J.
(1989). AS R80. Appl. Statist. 38, 580-582.

e Lenth, R. V. (1989). Algorithm AS 243: Cumulative distribution function of the non-central t
distribution. Appl. Statist. 38, 185-189.

e Benton, D., & Krishnamoorthy, K. (2003). Computing discrete mixtures of continuous
distributions. Comput. Statist. Data Anal. 43, 249-267.

e Genz, A. (2004). Numerical computation of rectangular bivariate and trivariate normal and
t probabilities. Stat. Comput. 14, 251-260.



