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$$ 1-\beta ;=; F_\nul\left(-t_{1-\alpha\nu};\delta_2\right) - F_\nu\left(t_{1-
\alpha,\nu};\delta_1\right) - \big[Q\text{-[TT]  }\bigl, $$
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(0 [IIII0 t (1110 "I ‘0 11O (TTITIT] t 110
(11T (11T $\delta\neq 0%
T AT T

M M $2\simN(0,1)$0 $V\sim\chi~2 \nu$ [T10]
$$ T ;=; \frac{Z+\delta} {\sqrt{VAnu}} ;\sim; t \nu(\delta), $$

$\delta\in\mathbb R$ [] [TT11T] noncentrality parameter, NCP[] [J $\nu$ 1111}
$\delta=0$%$ [T1111] t 11

CDF 11111 (11111 Owen's Q [TIII110 $W=\sqrt{V/Anu}$[T]

$$ F \nu(t;\delta)=\Pr(T\le t)=\int_0"\infty \Phi(t w-\delta),f W(w),dw, \qquad
f W(w)=\frac{2(\nu/2)"~ {\nu/2} } {\Gamma(\nu/2)},w” {\nu-1}e”{-\nu w"2/2} \quad w>0. $$

I SW=wS$[I[] $T$ 1111 $N(\delta/w,,1/w~2)$ 011  $\Pr(T\le t\mid
w)=\Phi(tw-\delta)$(1TT] =~ $w$ I

0 $\nu>1$0 $\nu>2$ [T1110

$$ \mathbb E[T]=\delta\sqrt{\frac{\nu} {2} } \frac{\Gamma!\big(\frac{\nu-
1} {2}\big)} {\Gammal\big(\frac{\nu}{2}\big)}, \qquad \operatorname{Var}(T)=\frac{\nu} {\nu-
2}(1+\delta™2)-\big(\mathbb E[TI\big)~2. $$

[ $\mathbb E[TNapprox\deltas$(]] $\nu$ TIITITIIIIT NCP $\delta$ [TTT11] "
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M0 OO0 "0 $X,Y$ [0 [OIIIIT !

(T I Owen's T [T11] I al

(11 [ Owen 1956[T]

$$ T(h,a)=\frac{1}{2\pi\int_0~" {a}\frac{\exp\big[-\tfrac{h”~2}{2}(1+x"2)\big]}{1+x"2},dx,
\gquad -\infty<h<\infty,\ -\infty<a<\infty. $$
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$$ T(h,0)=0,\qquad T(0,a)=\frac{1}{2\pi}\arctan a,\qquad T(-h,a)=T(h,a),\qquad T(h,-a)=-
T(h,a),\qquad T(h\infty)=\tfrac12,\Phi(-|h|). $$

(LTI (LIITIT] $\rho$ [TTIIIIT]

$$ \Pr(X\le h,)\ Y\le k)=\Phi(h)\Phi(k)+\frac{1} {2\pi}\int_ 0~ {\rho}\frac{1} {\sqrt{1-r~2}}\exp'\left[-
\frac{h™2-2rhk+k~23}{2(1-r~2) }\rightldr, $$

Owen (1956) [TTITII1] T

$$ \Pr(X\le h,Y\le k)=\tfrac12\Phi(h)+\tfrac12\Phi(k)-T\left(h \frac{k-\rho h} {h\sqrt{1-
\rho” 2} Hright)-TNleft(k,\frac{h-\rho k} {k\sqrt{1-\rho”™2} }\right)-c, \qquad
c=\begin{cases}0,&hk\geO\ \tfracl2,&hk<0.\end{cases} $$

0 $h$ 0 $k=0$ [T
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$\om 1S$TTTTTITTIITIIT] Owen's Q[]

[ [0 Owen 1965[ITIT] ‘0 A" $tx/\nus[T]

$$ Q \nu(t,\delta;0,R)=\frac{\sqrt{2\pi} } {\Gamma!\big(\tfrac\nu2\big),2 "~ { (\nu-
2)/2} hint_R~ {\infty }\Phil\left(\frac{t x} {\nu}-\delta\right)x~ {\nu-1 }\phi(x),dx, \qquad
\phi(x)=\frac{e™{-x"~2/2}}{\sqrt{2\pi}}. $$

(I $txA\sqri\nu$ITTTTTIT] $x\mapsto x\sqrt\nu$
(LTI

(111 (11l $x=w\sqrt\nu$ [T] $Q_\nu$ [J 2.1 [I1T] t CDF 111
$$ F \nu(t;\delta)=Q_\nuN\big(t\sqrt\nu,\ \delta;\ 0,\ O\big). $$

(L1111 00 t0 CDF[I] Owen's Q [TIIIIT] $R=0$ [I11] [ $R>0$ I
$Q_\nus (IT0  "0I0  "0O0  TOST [IIIITITH
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$$ \mu=\In\left(\frac{\text{test} } {\text{reference} }\right)=\In(\text{[I1TJ] 1), $%

(1111 $[\theta_1,\theta_2]$ [J log [T11] $[\In 0.80,\\In 1.25]=[-0.2231,\ 0.2231]3%]



M TOST, Schuirmann 1987[] (1] "I "I

$$ H_{01}:\ \mu\le\theta_1 \quad \text{vs.}\quad H_{11}:\ \mu>\theta_1, \qquad H_{02}:\
\mu\ge\theta 2 \quad \text{vs.}\quad H {12}:\ \mu<\theta 2. $$

(T $\alpha$ [11T1] T Westlake / Schuirmann
(M1

$$ (1-2\alpha)\times100%\ \text{[T1T] H\ \subseteq\ [\theta 1,\theta 2] \iff \text{[ITT] }. $%

@11 BE[ 90% [I11] 0 $\alpha=0.05%$ ] TOSTIIIIIIT 95%(]

(LITTIT] 1010 O TOST "0 "I $\alphas[]

(111 (ITITT] $\mu$[Il] $(\theta_l,\theta_2)$ (IT11  TOST IIIIIIIT]

$$ 1-\beta=\Pr'\big(T_1>t_{1-\alpha,\nu}\ \text{[] }\ T_2<-t_{1-\alpha,\nu}\big). $$

(ITIT (T 111 M0 $2\times2$ [TITIIIT $[-
\theta,\thetal$[TTIIT] $\mus$[]

$$ 1-\beta ;\approx; \Phil\left(\frac{\sqrt{N},(\theta-|[\mul|)} {\sigma_w\sqrt2}-t {1-\alpha,N-
2}\right), $$

[LITITTIIITTI

$$ N ;\approx; \frac{2,\sigma_w~"2,(z_{1-\alpha}+z {1-\beta})"2}{(\theta-|\mu|)"2}. $$

[LITTIT] [LITIITT] [ (IO " O TOST
(LITITTITTTIITT [LIT] (LLITITITTTI N=12 [TT1T1] 64% (11117
83 %I [T ——Owen's Q[]
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o [TITIT] $\mus$[] T $\sigma_ws$ITIITTIT] Cv 10
$\sigma_w=\sqrt{\In(1+\text{CV}"~2)}$[1]

e (111D $\hat\mu=\bar X_T-\bar X_R$TTTTIITTIIIIIIII

$$ \operatorname{Var}(\hat\mu)=\sigma_w"2\cdot\frac{2}{N}, \qquad \hat\sigma_w"2:\
\frac{\nu\hat\sigma_w~”2}{\sigma_w”2}\sim\chi”~2 \nu,\ \\nu=N-2. $$

a4 (1111117 (LITIIT] $2\times2$ [T
$\mathrm{SE}=\sigma_w\sqrt{2/N}$[] $N$ 0 011 O
$\sigma_w\sqrt{2/n}$[ $n$ IIIIIIIT] $\sigma_w$ 111 "
(T * [T $\sqrt2$——
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$\mathrm{SE}=\sigma_w\sqrt{2/N}$[]

(LTITITIT]

$$ T_1=\frac{\hat\mu-\theta 1} {\hat\sigma_w\sqrt{2/N}} \qquad T_2=\frac{\hat\mu-
\theta_2}{\hat\sigma_w\sqrt{2/N}}. $$

MO0 M $Z=\dfrac{\hat\imu-\mu}{\sigma_w\sqrt{2/N}}\sim N(0,1)$[ $W=\sqrt{VAnu}$[]
$V\sim\chi~2 \nu$[1T]

$$ T_1=\frac{Z+\delta_1}{W} \quad T_2=\frac{Z+\delta_2}{W}, \qquad \delta_1=\frac{\mu-
\theta_1}{\sigma_w\sqrt{2/N}} \quad \delta_2=\frac{\mu-\theta 2} {\sigma_w\sqrt{2/N}}. $$

[LITTIT] [T $Z$ (111 $Ws——(111 [0 $-1$ [TITIT] t'I0  Owen
(1965) IIIT1
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TOST 111  $\alpha$ 1111

$$ T 1>t {1-\alpha\nu}\\ \text{d N\ \ T _2<-t {1-\alpha\nu}\iff t {\alpha}W-\delta 1 <Z < -
t {\alpha}W-\delta 2, \qquad t \alpha:=t_{1-\alpha,\nu}. $$

[T $Z$ 11 M IO

$$ t \alpha W-\delta_1 < -t \alpha W-\delta_2 \iff W < w™*:=\frac{\delta_1-\delta_2} {2t \alpha}
=\frac{\theta_2-\theta 1}{2,t \alpha,\sigma_w\sqrt{2/N}}. $$

00 $Ws [T [LITIITIN g

$$ 1-\beta=\int_ 0"~ {w”~*}\Big[\Phi\big(-t \alpha w-\delta_2\big)-\Phi\big(t \alpha w-
\delta_1\big)\Bigl,f W(w),dw $$



M $f W(w)=\dfrac{2(\nu/2)"{\nu/2}}{\Gamma(\nu/2)}w ™ {\nu-1}e” {-\nu w~2/2}$[
110 0 $\mu=0%$[1] $\pm\theta$[T] $\delta 1=\delta=-\delta 2$[TT1T]

$$ 1-\beta=\int_0~ {\theta/(t \alpha\sigma_w\sqrt{2/N})}\big[2\Phi(\delta-t \alpha w)-
1\big],f W(w),dw, $$

[0 $2\Phi(x)-1$ 11 "[ID $l-xx1$"0 ——[10 [LIIIITIN

M $\int 0~ {w~™}=lint 0~ {linfty}-lint_{w”}~{\infty } $[11T] 2.30 $Q_\nu$ [ $F_\nu$
1

$$ 1-\beta=F \nu(-t \alpha;\delta_2)-F \nu(t_\alpha;\delta_1)-Q \nu!\big(-
t \alpha\sqrt\nu,\delta_2;0,R\big)+Q \nu\big(t \alpha\sqrt\nu,\delta_1;0,R\big) $$

[
$$ R=w"~*\sqgrt\nu=\frac{\sqrt\nu,(\theta_2-\theta_1)}{2,t \alpha,\sigma_w\sqrt{2/N}}. $$
(10 0

1. $F \nu(-t \alpha;\delta_2)-F_\nu(t_\alpha;\delta_1)$[IT11T] tCOF M —— 0 "M $W$

LLTIT] "1 $Q_\nu(\cdot;\cdot;0,0)$ [TTTIT]
2. $-Q \nu(-t \alpha\sqgrt\nu,\delta_2;0,R)+Q \nu(t \alpha\sqgrt\nu,\delta_1;0,R)$[] $R>0% 1]
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1. 0 2.5 [0 $N_0$[]

2. 00 $N$ [T 3.20 3.300

3. 00 $<l-\beta$ (I  $NS[IIIIIIIIIIL

4.0 $NSOTITIIIIIIIIID 10-20% [11T]



M 0O $2\times2$ [TI111 $\mathrm{CV}=20%$[ $\sigma_w=\sqrt{\In 1.04}=0.19804%
1110 $1.0%$0 $\mu=0$[1111] $0.80%$-$1.25%0 $\alpha=0.05$[1111] $80%3%0

0 $N=16$ 1] $\nu=14%[] $t_{0.95,14}=1.7613%[]
$\mathrm{SE}=0.19804\sqrt{2/16}=0.07002%[] $\delta_1=0.22314/0.07002=3.1869%[]
$\delta_2=-3.1869$[TTTIITIIT] $=0.8332\ge 0.8%[1] $N=14%$[1] $0.7549%11]
$N=16%[]

[ vs 1] [LITTIT]

$N$ (1T Owen Q[] (T gy t CDF [T] "
m
12 0.6445 0.8283 0.6432
14 0.7549 0.8847 0.7548
16 0.8332 0.9230 0.8332
20 0.9249 0.9663 0.9249
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e [IIT1T (11Tl $[0,al$ [JTITTIITY $a$ [111] $T(h\infty)=\tfrac12\Phi(-
IhD$ 0T

e (I /10 Patefield & Tandy 2000 [T] $T(h,a)$
T T 14-15 [TT1T]
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e [111J (LITTIT] COF [0 Genz 2004111 $T$0
4.2 ?77?7?t CDF 7?77
e 1 /IO beta[] Cooper (1968) AS 5[1111[J Lenth (1989) AS 243
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e $R=0% [I] [T t CDF[]
e $R>0$ 1] [

$Q \nu(t,\delta;0,R)=\int_{R/Asqgrt\nu} ™ {\infty }\Phi\big(\tfrac{tw} {\sqrt\nu}-
\delta\big)f W(w),dwS$ITITTIT]

e [II1 [M 3.3[M TOSTI[IIIID $F \nu$ 1111 $Q \nu$
T

e [T1T10 0 R[] owenQ[] Stéphane Laurent[]] Rcpp [II] $Q \nu$ (I117J t
(IIIIT1T]

1. 110 0 $2\Phi(x)-1$ 0 $x$ M0 $\operatorname{erfc}$
(ITITIT]

2.0 tOO 0O $N\delta|$ OIIITO /01111

3. 10 0 $w™{\nu-1}Ye~{-\nu w"2/2}$ [T

N

- [0 0 $\delta|$ 0 $\nu$ TTITTTITITT
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$F \nu(t;\delta)=Q \nu(t\sgrt\nu,\delta;0,0)$[] TOST [ =
$Q_\nu$ [TITTITITIITO
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(ITTTT

statlib /apstat/5

statlib /apstat/76

statlib /apstat/R80
statlib /apstat/243

statlib [TTIT]

boost.org[TTT1T]

oo tn

R

CRAN

CRAN / GitHub
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DCDFLIB 11T
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——{IID
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Owen's Q[] Phillips 1990 / Diletti

$\int_0™\infty\Phi(tw-\delta)f_W(w)dw$[] Owen's Q



4. [TITIII11 [] Fortran [J AS 5/76/243[] DCDFLIB[] C++ [] Boost.Math[] R[]

pt(..., ncp) [J PowerTOST [] OwenQ[] sn/mnormt [] Patefield-Tandy (2000) [J Lenth (1989)
10 Owen's T [T11J t [(TTIITII10 Gil-Segura-Temme
(T

5. [ITITITIIIIIId 0 $2\times2$ [TT1  $\mathrm{SE}=\sigma_w\sqrt{2/N}$[
$\nu=N-23[T]

$$ 1-\beta=\int_ 0~ {w~™ }\Big[\Phi\big(-t \alpha w-\delta 2\big)-\Phi\big(t_\alpha w-
\delta_1\big)\Bigl\frac{2(\nu/2) "~ {\nu/2} } {\Gamma(\nu/2)}w" {\nu-1}e” {-\nu w~2/2},dw, \qquad
w” =\frac{\theta_2-\theta_1}{2,t \alpha,\sigma_w\sqrt{2/N}}. $$
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